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Low-order process modeling provides a basis for control system design and on-line
autotuning in process control. A systematic on-line identification method is proposed
in this article to obtain a second-order-plus-dead-time (SOPDT) model from a single
biased/unbiased relay feedback test. The relay response shapes of the three types of
SOPDT model, overdamped, critically damped, and underdamped, are first examined
and categorized for model structure selection before proceeding with the correspond-
ing parameter identification. Exact expressions of the corresponding limit cycles are
derived for assessing process response under relay feedback test. By using the measur-
able parameters of these limit cycles, the corresponding identification algorithms are
subsequently derived in a transparent manner. Two denoising methods are given to
cope with measurement noises. Illustrative examples are performed to demonstrate
the effectiveness and merits of the proposed identification algorithms. � 2008 American

Institute of Chemical Engineers AIChE J, 54: 1560–1578, 2008

Keywords: identification, relay feedback test, biased, second-order-plus-dead-time
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Introduction

Relay feedback identification has attracted increasing
attention in the process community, since the pioneering
work of Åström and Hägglund1 which used relay feedback to

generate sustained oscillations of the controlled variable for

closed-loop identification. Compared with an open-loop iden-

tification such as using a step or impulse excitation signal,

the process dynamic response is more effectively excited and

it can be better observed with sustained oscillation resulted

from a relay feedback test. Furthermore, relay feedback test

will not cause the process to drift too far away from its oper-

ation level. This is important for many practical cases, in

particular for highly nonlinear processes with rigorous oper-

ating conditions. Based on the concepts of ultimate gain and

ultimate frequency obtained from such experiments, the early
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relay feedback method, autotune variation (ATV),2 has

become a popular identification tool in process industry.

Reviews on the rapid development of relay feedback identi-

fication for process regulation have recently been addressed

by Atherton3 and Hang et al.4 Much research effort has

been presently devoted to using a single relay feedback test

for process identification. There are in general two kinds of

relay feedback structure, unbiased (symmetrical) and biased

(asymmetrical). On the basis of a single run of unbiased

relay feedback test, Vivek and Chidambaram5 proposed a

first-order-plus-dead-time (FOPDT) modeling according to

the Fourier analysis of the process response; Panda6

reported an identification algorithm for obtaining an under-

damped second-order-plus-dead-time (SOPDT) model by

constructing fitting conditions for the relay response; Huang

et al.7 recently developed an alternative identification

method for obtaining FOPDT and underdamped SOPDT

models based on the analysis of ultimate frequency. To

resolve the difficulty associated with the derivation of the

process gain from an unbiased relay feedback test, biased

relay feedback identification has been developed.8,9 Sriniva-

san and Chidambaram10 proposed such a FOPDT identifica-

tion algorithm to effectively represent the process response

over the low frequency range. Ramakrishnan and Chidam-

baram11 subsequently developed an overdamped SOPDT

modeling algorithm to improve the fitting effect of fre-

quency response. Using complex function analysis, Kaya

and Atherton12 proposed a so-called A-locus identification

algorithm for obtaining a FOPDT or overdamped SOPDT

model from a single biased relay feedback test.
It has been widely recognized that the dynamics of most

chemical processes can be well represented by a low-order
process model, e.g., FOPDT or SOPDT, for the practical pur-
poses of control system design and on-line autotuning.13 The
choice of a suitable model structure is a fundamental step for
identification. By categorizing the relay response shapes for a
variety of processes, Thyagarajan and Yu14 suggested to use
three model structures for relay feedback identification,
FOPDT, critically damped SOPDT, and higher order model
with repetitive poles. By comparison, Panda and Yu15

claimed that FOPDT, critically damped and underdamped
SOPDT models could work well for depicting different pro-
cess response characteristics under relay feedback test. Luy-
ben16 discussed the efficiency of obtaining a FOPDT model
from an unbiased relay feedback test. Recent papers17,18 dem-
onstrated that a FOPDT model can represent the frequency
response characteristic of low- or high-order processes with
desirable accuracy over the phase range of (2p, 0).

In view of that a SOPDT model can give better fitting
than a FOPDT model for a real high-order process, and the

three types of SOPDT model, overdamped, critically damped,

and underdamped, can be effectively used to represent the

dynamic response characteristics for a wide variety of chemi-

cal processes, a systematic on-line identification method is

proposed in this article to obtain such a SOPDT model from

a single biased/unbiased relay feedback test. The guidelines

for model structure selection are established by classifying

the relay response shapes from a large number of relay iden-

tification tests on these SOPDT models with different param-

eter settings. The relay response expressions of these models

are then derived analytically for assessing process response

under relay feedback test. For each model structure, two

identification algorithms are respectively given according to
whether a biased or an unbiased relay test is used. Two

denoising methods are presented to guarantee identification

robustness against measurement noises.

On-line relay feedback implementation

To procure the process dynamic response information for
process regulation and on-line autotuning, it is often desired
to perform identification test around the process operation
level. That is to say, nonzero initial conditions are required
for on-line relay feedback test. A biased relay function,
depicted in Figure 1, may be in practice specified as

uðtÞ ¼ uþ for feðtÞ > eþg or feðtÞ � e� and uðt�Þ ¼ uþg
u� for feðtÞ < e�g or feðtÞ � eþ and uðt�Þ ¼ u�g

(

where u1 5 Dl 1 l0 and u2 5 Dl 2 l0 denote, respec-
tively, the positive and negative relay magnitudes; e1 and e2
denote, respectively, the positive and negative switch hyster-
eses. Note that letting Dl 5 0 and |e1| 5 |e2| leads to an
unbiased relay function.

An on-line relay feedback test may be constructed as
shown in Figure 2, where r is the process set-point, y the
process output, and u the relay output. The initial output of
the relay is assumed as u for zero input, as set in many exist-
ing commercial instruments. The setting of u1 and u– should
be based on the admissible fluctuation range of the process
output around its operational level. It is evident that a larger
magnitude of the relay output will facilitate the observation
in more details of the process dynamic response. To avoid
measurement noises causing incorrect relay switches, the
hysteresis for relay switch should be introduced in practice.
It is suggested that the magnitudes of e1 and e2 should be
set at least twice over the noise band, together with an upper
limit almost equal to 0.95 times of the absolute minimum of
u1 and u–.

19 After the process reaches its operational level, a
short ‘‘listening period’’ (e.g., 20–100 samples) may be
adopted for reference to set e1 and e– properly.

A scenario of on-line relay feedback response is shown in
Figure 3a, where the process output response and the relay
output are put together for illustration. It can be seen that the
relay feedback test begins at t 5 20(s) while the process set-
point is taken as r 5 5. Then, the process output response
moves into steady oscillation after several relay switches. For

Figure 1. Relay function.
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the convenience of analysis, we may shift the initial relay
response of the process output to the origin in the referential
coordinates as shown in Figure 3b, where A1 denotes the
positive amplitude in a steady oscillation period (i.e., limit
cycle), and A– the negative amplitude. The steady oscillation
period can be computed as Pu 5 P1 1 P2, where P1

denotes the half period corresponding to the relay output u1
and P– the other half period corresponding to u–. Thus, by
decomposing the process dynamic response from the set-
point value, the resulting limit cycle can be separately stud-
ied to derive the process model for dynamic response. Before
proceeding with the corresponding identification algorithms,
it is preferred to have a discussion on model structure selec-
tion for properly representing a real process response under
relay feedback test.

Classification of relay response shapes

Overdamped, critically damped, and underdamped SOPDT
models differ from each other in the relay response shapes.
Given the relay response shape of a real process, it is desirable
to find a suitable model structure, such that the best response
fitting can be acquired. For reference, Table 1 shows the relay
responses of the three types of SOPDT model with different
parameter settings under a biased relay test. All of the model
gains have been taken as the unity for benchmark comparison.

From the relay response shapes shown in Table 1, the
guidelines for model structure selection can be drawn as the
following:

(1) Given the same damping ratio (n), SOPDT models with
the similar ratio of h/s have the similar relay response shapes;

(2) For an overdamped (n [ 1) SOPDT model, the relay
response shape is similar to a triangular waveform with sharp
edges and peaks;

(3) For underdamped (n\ 1) and critically damped (n 5 1)
SOPDT models, the relay response shapes are similar to a si-
nusoidal waveform with smooth curvature and rounded peak,
and such characteristics become more apparent as n becomes
smaller. When h/s � 1, the relay response shape of a crit-
ically damped SOPDT model tends to be a rectangular wave-
form following the relay output shape;

(4) For critically damped and overdamped SOPDT mod-
els, the relay responses move into a limit cycle almost after
a single period of the relay output. The first relay response
period is very close (or even the same) in magnitude and
shape to the following periods;

(5) For an underdamped SOPDT model, as n becomes
smaller, more periods of the relay output are required for the
relay response to move into a limit cycle, and multiple peaks
are likely to occur in the limit cycle when h/s � 1;

(6) For the three types of SOPDT model, the amplitude of
limit cycle is proportional to the ratio of h/s with a fixed n,
and inversely proportional to n with a fixed ratio of h/s.

With the above guidelines, a suitable model structure can
be intuitively chosen by comparing the relay response shape
of a real process with the referential relay shapes of Table 1.
Note that the use of biased or unbiased relay test and the
height of the relay do not change the relay response shape. A
reasonable estimate of n and the ratio of h/s can also be
obtained according to the referential model parameter set-
tings of Table 1. Subsequently, parameter identification for
the suitable model structure may be proceeded to refine the
identification accuracy.

It should be noted that the above guidelines facilitates
reducing computation effort. To assemble an automatic proce-
dure for model identification, the fitting criterion of the maxi-
mal frequency response error (ERR) or the step response error
(err), as will be detailed in the later part, may be used to auto-
matically determine the most suitable model structure, that is
to say, the algorithms to be developed respectively for the
three types of SOPDT model, overdamped, critically damped,
and underdamped, may be simultaneously used to obtain three
models according to the experimental data of relay test, and
then choose the most suitable one that results in the minimum
of the fitting criterion.

Relay response expressions and identification algorithms

To assess the fluctuation range of process output around
its set-point under relay feedback test, the relay response of
the process model may be used for reference. The exact relay
response expressions of the three types of SOPDT model are
respectively derived as follows, together with the correspond-
ing identification algorithms. Both biased and unbiased relay
tests are considered.

Figure 3. On-line relay feedback response (a) and the
shifted version for analysis (b).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 2. Block diagram of relay feedback test.
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Table 1. Relay Response Shapes of SOPDT Processes with Different Parameter Values. [Color figure can be viewed in the
online issue, which is available at www.interscience.wiley.com.]

n 5 0.2 n 5 0.5 n 5 1.0 n 5 5.0

y 5 0.1
s 5 0.1

y 5 0.1
s 5 1.0

y 5 0.1
s 5 10

y 5 1.0
s 5 0.1

y 5 1.0
s 5 1.0

y 5 1.0
s 5 10

y 5 10
s 5 1.0

y 5 10
s 5 10
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Critically-damped SOPDT model

A critically damped second-order process is usually
described in the form of

GC ¼ kpe
�hs

ðspsþ 1Þ2 (1:1)

The following proposition gives the exact relay response
expression for steady oscillation.

Proposition 1. For a critically damped second-order process
modeled by (1.1) under a biased relay test as shown in
Figure 4a, the resulting limit cycle of the process output
response is characterized by

yþðtÞ ¼ kpðDlþ l0Þ � 2kpl0e
� t

sp E1 þ E1tþ E2

sp

� �
;

t 2 ½0;Pþ� ð1:2Þ

y�ðtÞ ¼ kpðDl� l0Þ � 2kpl0e
� t

sp F1 þ F1tþ F2

sp

� �
;

t 2 ðPþ;Pu� ð1:3Þ
where y1 (t) is for t [ [0, P1] while y2(t) is for t [ (P1, Pu],
E2 \ 0\ E1, F1 \ 0\ F2 and

E1 ¼ 1� e
� p�

sp

1� e
� pu

sp

(1:4)

E2 ¼ pue
�pu

sp ð1� e
�p�

sp Þ
ð1� e

�pu
sp Þ2

� p�e
�p�

sp

1� e
�pu
sp

(1:5)

F1 ¼ � 1� e
�pþ

sp

1� e
�pu

sp

(1:6)

F2 ¼ � pue
�pu

spð1� e
�pþ

sp Þ
ð1� e

�pu
sp Þ2

þ pþe
�pþ

sp

1� e
�pu

sp

(1:7)

Proof. See Appendix (I). &

If an unbiased relay feedback test is used as shown in Figure
4b, then Dl 5 0 and P1 5 P2 5 Pu/2. By substituting them
into (1.2–1.7), we can obtain the corresponding expression,

yþðtÞ ¼ �y�ðtÞ ¼ kpl0 � 2kpl0e
� t

sp E1 þ E1tþ E2

sp

� �
(1:8)

where y1 (t) is for t [ [0, Pu/2], y2 (t) for t [ (Pu/2, Pu], and

E1 ¼ 1

1þ e
� pu

2sp

(1:9)

E2 ¼ � pue
� pu

2sp

2ð1þ e
� pu

2spÞ2
(1:10)

Note that in the limit cycle, the process output is a peri-
odic function with respect to the oscillation angular fre-
quency, xu 5 2p/Pu. By using the idea of time shift, we
may view it as a periodic signal from the very beginning, so
its Fourier transform can be derived as

YðjxuÞ ¼ lim
N!1

N

Z Pu

0

yosðtÞe�jxutdt

¼ lim
N!1

N

Z tosþPu

tos

yðtÞe�jxutdt ð1:11Þ

where yos (t) 5 y(t) for t [ [tos,1) and tos may be taken as
any relay switch point in steady oscillation, such that the
influence from the initial process response to the above peri-
odic integral can be excluded.

Similarly, it follows that

UðjxuÞ ¼ lim
N!1

N

Z tosþPu

tos

uðtÞe�jxutdt (1:12)

Thereby, the process frequency response at xu can be
obtained as

GðjxuÞ ¼ YðjxuÞ
UðjxuÞ ¼

R tosþPu

tos
yðtÞe�jxutdtR tosþPu

tos
uðtÞe�jxutdt

¼ Aue
juu (1:13)

The numerical integral in (1.13) may be computed using
the trapezoidal rule or the fast Fourier transform (FFT) for
Y(jxu) and U(jxu).

It should be noted that ffG(jxu) 5 2p had been used for
parameter identification in the existing literature1,2,7–9,20,21

based on the describing function analysis. Such exercise may
result in degraded identification accuracy since ffG(jxu) is

Figure 4. Limit cycle analysis for critically damped
SOPDT.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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actually larger than 2p due to the phase lag caused by the
relay, as illustrated by the later examples.

In the case that a biased relay test is used, the process
gain can be derived from (1.13) as

kp ¼ Gð0Þ ¼
R tosþPu

tos
yðtÞdtR tosþPu

tos
uðtÞdt

(1:14)

It can be derived from (1.2) and (1.3) that

dyþðtÞ
dt

¼ 2kpl0ðE1tþ E2Þ
s2p

e
� t

sp (1:15)

dy�ðtÞ
dt

¼ 2kpl0ðF1tþ F2Þ
s2p

e
� t

sp (1:16)

Thereby, it can be concluded that y1(t) does not increase
monotonously for t [ [0, P1], and correspondingly, y2(t)
does not decrease monotonously for t [ (P1, Pu].

By substituting the process model in (1.1) into the fre-
quency response fitting condition shown in (1.13), the pro-
cess time constant can be derived as

sp ¼ 1

xu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kp
Au

� 1

r
(1:17)

Using the phase fitting condition,

� hxu � 2 arctanðspxuÞ ¼ uu; uu 2 ð�p;�p=2Þ; (1:18)

the process time delay can be derived as

h ¼ � 1

xu

½uu þ 2 arctanðspxuÞ� (1:19)

Hence, the algorithm for identification of a critically
damped SOPDT model from a biased relay test can be sum-
marized in the following algorithm named Algorithm-C-A:

(i) Measure P1 and P2 from the limit cycle;
(ii) Compute G(jxu) from (1.13);
(iii) Compute the process gain, kp, from (1.14);
(iv) Compute the process time constant, sp, from (1.17);
(v) Compute the process time delay, y, from (1.19).
In the case that an unbiased relay test is used, by letting

(1.15) equal zero we can compute the time to reach the peak
value of y1(t) (or y2(t)) as

tp ¼ �E2

E1

¼ pu

2ð1þ e
pu
2spÞ

(1:20)

In fact, the time to reach the process output peak from the
initial relay switch point in a half period of the relay, t�p, can
be measured as shown in Figure 4b. It follows that

tp ¼ t�p � h (1:21)

Substituting (1.19) and (1.20) into (1.21) yields

t�p þ
1

xu

½uu þ 2 arctanðspxuÞ� ¼ pu

2ð1þ e
pu
2spÞ

(1:22)

It can be seen that both the left- and right-hand sides of (1.22)
increase monotonously with respect to sp. For sp [ (0, 1),

the left-hand side takes a value in the range of (t�p 1 uu/xu,
t�p 1 (p 1 uu)/xu) while the right-hand side is in the range
of (0, pu/4). Hence, there exists only finite solutions of sp for
(1.22), which can be derived using any iterative algorithm
such as the Newton-Raphson method. The initial estimation
of sp for iteration may be taken as s

_
p ¼ Pu=2� t�p, in view

of that the influence of the process time constant to the relay
response corresponds to this time interval.

The process time delay can then be derived from (1.19),
and the process gain can be inversely derived from the mag-
nitude fitting condition as indicated in (1.17), i.e.,

kp ¼ Auðs2px2
u þ 1Þ (1:23)

Therefore, the algorithm for identification of a critically
damped SOPDT model from an unbiased relay test can be
summarized in the following algorithm named Algorithm-C-B:

(i) Measure P1, P2, and t�p from the limit cycle;
(ii) Compute G(jxu) from (1.13);
(iii) Compute the process time constant, sp, from (1.22)

using the Newton-Raphson iteration method. The initial esti-
mation of sp for iteration may be taken as s

_
p ¼ Pu=2� t�p.

(iv) Compute the process time delay, y, from (1.19).
(v) Compute the process gain, kp, from (1.23).
(vi) End the algorithm if the fitting constraint of relay

response,
PN

k¼1½y_ðkTs þ tosÞ � yðkTs þ tosÞ�2=N < e, is satis-
fied, where y

_ðkTs þ tosÞ and y(kTs 1 tos) denotes respectively
the model and process responses in the limit cycle, Ts is the
sampling period with N 5 Pu/Ts, and e is a user-specified fit-
ting threshold that may be set between 0.01% � 1%. Other-
wise, change the initial estimation of sp and go to step (iii).

Note that for critically damped second-order processes
with dominant time delay (y/s � 1), y1 (t) increases monot-
onously while y2 (t) decreases monotonously owing to E2 ?
0 and F2 ? 0. Accordingly, the process time delay can be
directly obtained as the time to reach the positive peak (A1)
of the process output response from the initial relay switch
point in a negative half period of the relay, so that the pro-
cess time constant and gain can then be respectively derived
from (1.19) and (1.23) for simplicity.

Overdamped SOPDT model

An overdamped second-order process is usually described
in the form of

GO ¼ kpe
�hs

ðs1sþ 1Þðs2sþ 1Þ (2:1)

where s1 [ s2 [ 0 is assumed without loss of generality.
The following proposition gives the exact relay response
expression for steady oscillation.

Proposition 2. For an overdamped second-order process
modeled by (2.1) under a biased relay test as shown in Fig-
ure 5a, the resulting limit cycle of the process output
response is characterized by

yþðtÞ ¼ kpðDlþ l0Þ � 2kpl0
s1E1

s1 � s2
e
� t

s1 � s2E2

s1 � s2
e
� t

s2

� �
;

t 2 ½0;Pþ� ð2:2Þ
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y�ðtÞ ¼ kpðDl� l0Þ � 2kpl0
s1F1

s1 � s2
e
� t

s1 � s2F2

s1 � s2
e
� t

s2

� �
;

t 2 ½Pþ;Pu� ð2:3Þ
where 0\ E1 \ E2, F2 \ F1 \ 0, and

E1 ¼ 1� e
�p�

s1

1� e
�pu

s1

(2:4)

E2 ¼ 1� e
�p�

s2

1� e
�pu

s2

(2:5)

F1 ¼ � 1� e
�pþ

s1

1� e
�pu

s1

(2:6)

F2 ¼ � 1� e
�pþ

s2

1� e
�pu

s2

(2:7)

Proof. See Appendix (II). &

If an unbiased relay test is used as shown in Figure 5b, by
substituting Dl 5 0 and P1 5 P2 5 Pu/2 into (2.2–2.7) we
obtain the corresponding expression,

yþðtÞ ¼ �y�ðtÞ ¼ kpl0 � 2kpl0
� s1E1

s1 � s2
e
� t

s1 � s2E2

s1 � s2
e
� t

s2

�
(2:8)

where

E1 ¼ 1

1þ e
� pu

2s1

(2:9)

E2 ¼ 1

1þ e
� pu

2s2

(2:10)

In the case that a biased relay test is used, the process
gain can be derived from (1.14). Substituting (2.1) into the
frequency response fitting condition shown in (1.13), we can
obtain

kpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs21x2

u þ 1Þðs22x2
u þ 1Þ

p ¼ Au (2:11)

� hxu � arctanðs1xuÞ � arctanðs2xuÞ ¼ uu;

uu 2 ð�p;�p=2Þ ð2:12Þ

By letting
dy�ðtÞ
dt ¼ 0, the time to reach the single extreme

value of y2 (t) can be derived as

tp� ¼ s1s2
s1 � s2

ln
F2

F1

(2:13)

Note that the time to reach the single extreme value of y2
(t) from the initial relay switch point in a negative half pe-
riod of the relay, t�p� , can be measured as shown in Figure
5a. It follows that

tp� ¼ t�p� � h (2:14)

Substituting (2.11–2.13) into (2.14) to eliminate s2 and y
yields

s1s2
s1 � s2

ln
F2

F1

¼ t�p� þ 1

xu

½uu þ arctanðs1xuÞ þ arctanðs2xuÞ�
(2:15)

where

s2 ¼ 1

xu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p

A2
uðs21x2

u þ 1Þ � 1

s
(2:16)

Thereby, (2.15) becomes a transcendental equation with
respect to s1. We can solve this equation with the Newton-
Raphson method. The initial estimation of s1 for iteration
may be taken as

s
_

1 ¼ 1

xu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kp
Au

� 1

r
(2:17)

which may be derived from (2.11) by letting s1 5 s2.
The other process time constant and the time delay can

then be derived from (2.16) and (2.12).
Hence, the algorithm for identification of an overdamped

SOPDT model from a biased relay test can be summarized
in the following algorithm named Algorithm-O-A:

(i) Measure P1, P2, and t�p� from the limit cycle;
(ii) Compute G(jxu) using (1.13);
(iii) Compute the process gain, kp, from (1.14);
(iv) Compute the process time constant, s1, from (2.15)

using the Newton-Raphson iteration method. The initial esti-
mation of s1 for iteration may be taken from (2.17);

(v) Compute the process time constant, s2, from (2.16);
(vi) Compute the process time delay, y, from (2.12);
(vii) End the algorithm if the fitting constraint of relay

response,
PN

k¼1½y_ðkTs þ tosÞ � yðkTs þ tosÞ�2=N < e, is satis-

Figure 5. Limit cycle analysis for overdamped SOPDT.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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fied. Otherwise, change the initial estimation of s1 and go to
step (iv).

In the case that an unbiased relay test is used, it follows
from (2.8) that there exist two boundary conditions

yþ

�
Pu

2
� h

�
¼ kpl0 � 2kpl0

3

�
s1E1

s1 � s2
e
�Pu�2h

2s1 � s2E2

s1 � s2
e
�Pu�2h

2s2

�
¼ eþ ð2:18Þ

yþðtpÞ ¼ kpl0 � 2kpl0
s1E1

s1 � s2
e
�tp

s1 � s2E2

s1 � s2
e
�tp

s2

� �
¼ A�

(2:19)

where tp is the time to reach the single extreme value of
y1(t) (or y2(t)) which can be derived from

dyþðtÞ
dt ¼ 0 as

tp ¼ s1s2
s1 � s2

ln
E2

E1

(2:20)

Note that

tp ¼ t�p � h (2:21)

where t�p is the time to reach the single extreme value of
y1(t) (or y2(t)) from the initial relay switch point in a half
period of the relay, which can be measured from the limit
cycle.

It follows from dividing (2.18) by (2.19) that

eþ 1� 2s1E1

s1 � s2
e
�tp

s1 þ 2s2E2

s1 � s2
e
�tp

s2

� �

¼ A�

�
1� 2s1E1

s1 � s2
e
�Pu�2h

2s1 þ 2s2E2

s1 � s2
e
�Pu�2h

2s2

�
ð2:22Þ

Using the frequency response fitting condition shown in
(2.11) and (2.12), we can obtain

kp ¼ Au

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs21x2

u þ 1Þðs22x2
u þ 1Þ

q
(2:23)

h ¼ � 1

xu

½uu þ arctanðs1xuÞ þ arctanðs2xuÞ� (2:24)

Substituting (2.20) and (2.24) into (2.21) yields an implicit
equation with respect to s1 and s2,

F1ðs1; s2Þ ¼ 0 (2:25)

Likewise, substituting (2.20) and (2.24) into (2.22) yields
another implicit equation with respect to s1 and s2,

F2ðs1; s2Þ ¼ 0 (2:26)

Therefore, we can solve (2.25) and (2.26) together to find
the solution pair of s1 and s2. This can be performed by
using a nonlinear programming algorithm. The initial values
of s1 and s2 for iteration may be roughly estimated from the
referential relay response shapes of Table 1. The search
direction may be chosen as the gradients of F1(s1, s2) and

F2(s1, s2). Thus, the iteration procedure can be programmed
using a first-order Taylor expansion as

F1ðs1;kþ1; s2;kþ1Þ ¼ F1ðs1;k; s2;kÞ þ @F1

@s1

����
si;k

	Ds1 þ @F1

@s2

����
si;k

	Ds2

(2:27)

F2ðs1;kþ1; s2;kþ1Þ ¼ F2ðs1;k; s2;kÞ þ @F2

@s1

����
si;k

	Ds1 þ @F2

@s2

����
si;k

	Ds2

(2:28)

where Fi(s1,k, s2,k) denotes the value of Fi(s1, s2) at the kth
iteration step for i 5 1, 2., while @F1

@si

��
si;k

is the partial deriva-
tive of Fi (s1, s2) with respect to si at the kth step for i 5 1,
2. Dsi(i 5 1, 2.) are the search steps which may be practically
selected as 0.01 to guarantee the achievable accuracy. The
optimal objective function for convergence can be specified as

Jmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
½F2

1ðs1;kþ1Þ; ðs2;kþ1Þ þF2
2ðs1;kþ1Þ; ðs2;kþ1Þ�

r
\d

(2:29)

where d is the convergent threshold which may be set between
0.1% � 1%. To avoid unexpected local optimal solutions for
s1 and s2, the aforementioned fitting constraint of relay
response can be utilized to screen out the suitable solution pair.

The process gain and time delay can then be derived from
(2.23) and (2.24), respectively.

Hence, the algorithm for identification of an overdamped
SOPDT model from an unbiased relay test can be summar-
ized in the following algorithm named Algorithm-O-B:

(i) Measure A1(or A2), Pu and t�p from the limit cycle;
(ii) Compute G(jxu) using (1.13).
(iii) Compute the process time constants, s1 and s2, from

(2.25) and (2.26) using the nonlinear programming algorithm
given in (2.27–2.29). The initial values of s1 and s2 for itera-
tion may be estimated from the referential relay response
shapes of Table 1.

(iv) Compute the process gain, kp, using (2.23);
(v) Compute the process time delay, y, from (2.24);
(vi) End the algorithm if the fitting constraint of relay

response,
PN

k¼1½y_ðkTs þ tosÞ � yðkTs þ tosÞ�2=N < e, is satis-
fied. Otherwise, change the initial estimation of s1 and s2
and go to step (iii).

It should be noted that for overdamped second-order proc-
esses with dominant time delay (y/s1 � 1 and y/s2 � 1),
y1(t) increases monotonously while y2(t) decreases monoto-
nously owing to E1 
 E2 
 1 and F1 
 F2 
 21. Therefore,
the process time delay can be directly obtained as the time to
reach the positive peak (A1) of the process output response
from the initial relay switch point in a negative half period
of the relay. The process time constants s1 and s2 can then
be derived by solving (2.22) and (2.24) together.

Underdamped SOPDT model

An underdamped second-order process is usually described
in the form of

GU ¼ kpe
�hs

s2ps
2 þ 2nspsþ 1

(3:1)
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where n [ (0, 1) is customarily named as the process damping
ratio, and sp is a time constant equal to the reciprocal of xp

(named as the natural frequency). The following proposition
gives the exact relay response expression for steady oscillation.

Proposition 3. For an underdamped second-order process
modeled by (3.1) under a biased relay test as shown in Figure
6a, the resulting limit cycle of the process output response is
characterized by

yþðtÞ ¼ kpðDlþl0Þ�
2kpl0q1

gc
e
�nt

sp sin
gt
sp
þw1

� �
; t2 ½0;Pþ�

(3:2)

y�ðtÞ ¼ kpðDl� l0Þ þ
2kpl0q2

gc
e
�nt

sp sin
gt
sp

þ w2

� �
;

t 2 ðPþ;Pu� ð3:3Þ

where g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
, q1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

1 þ V2
1

p
, q2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

2 þ V2
2

p
, w1 5

tan21 (V1/U1),w25 tan21 (V2/U2),/ ¼ tan�1 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
=nÞ, and

c ¼ 1� 2e
�Pun

sp cos
gPu

sp
þ e

�2Pun
sp (3:4)

U1 ¼ cos/� e
�Pun

sp cos /� gPu

sp

� �
� e

�P�n
sp

�
cos /þ gP�

sp

� �

� e
�Pun

sp cos /� gPþ
sp

� ��
ð3:5Þ

V1 ¼ sin/� e
�Pun

sp sin /� gPu

sp

� �
� e

�P�n
sp

�
sin

�
/þ gP�

sp

�

� e
�Pun

sp sin

�
/� gPþ

sp

��
ð3:6Þ

U2 ¼ cos/� e
�Pun

sp cos

�
/� gPu

sp

�

� e
�Pþn

sp

�
cos

�
/þ gPþ

sp

�
� e

�Pun
sp cos

�
/� gP�

sp

��
ð3:7Þ

V2 ¼ sin/� e
�Pun

sp sin

�
/� gPu

sp

�
� e

�Pþn
sp

�
sin

�
/þ gPþ

sp

�

� e
�Pun

sp sin

�
/� gP�

sp

��
ð3:8Þ

Proof. See Appendix (III). &

If an unbiased relay feedback test is used as shown in Fig-
ure 6b, by substituting Dl 5 0 and P1 5 P2 5 Pu/2 into
(3.2–3.7) we obtain the corresponding expression,

yþðtÞ ¼ �y�ðtÞ ¼ kpl0 �
2kpl0q
gc

e
�nt

sp sin
gt
sp

þ w

� �
(3:9)

where q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ V2

p
, w 5 tan21 (V/U), and

U ¼ cos/� e
�Pun

sp cos

�
/� gPu

sp

�

� e
�Pun

2sp

�
cos

�
/þ gPu

2sp

�
� e

�Pu n
sp cos

�
/� gPu

2sp

��
ð3:10Þ

V ¼ sin/� e
�Pun

sp sin

�
/� gPu

sp

�

� e
�Pun

2sp

�
sin

�
/þ gPu

2sp

�
� e

�Pu n
sp sin

�
/� gPu

2sp

��
ð3:11Þ

It can be verified by using (3.9–3.11) that the relay
response expression for an underdamped SOPDT process
reported in the recent paper22 is inaccurate, and then was
misused in the sequential papers.6,15

In the case that a biased relay test is used, the process
gain can be derived from (1.14). By using the frequency
response fitting condition shown in (1.13), we can obtain

kpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� s2px

2
uÞ2 þ 4n2s2px

2
u

q ¼ Au (3:12)

� hxu � arctan

�
2nspxu

1� s2px
2
u

�
¼ uu; uu 2 ð�p;�p=2Þ

(3:13)

It follows from (3.12) that

sp ¼

1

xu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p
A2
u

þ 4n2ðn2 � 1Þ
svuut

or

1

xu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p
A2
u

þ 4n2ðn2 � 1Þ
svuut

; 0\ n\
ffiffiffi
2

p
=2;

1

xu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p
A2
u

þ 4n2ðn2 � 1Þ
svuut

; n �
ffiffiffi
2

p
=2;

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð3:14Þ

Figure 6. Limit cycle analysis for underdamped SOPDT.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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h ¼ � 1

xu

uu þ arctan

�
2nspxu

1� s2px
2
u

��"
(3:15)

It can be derived from (3.2) and (3.3) that

dyþðtÞ
dt

¼�2kpl0q1
gcsp

e
�nt

sp

�
g cos

�
gt
sp

þw1

�
� n sin

�
gt
sp

þw1

��
(3:16)

dy�ðtÞ
dt

¼ 2kpl0q2
gcsp

e
�nt

sp g cos

�
gt
sp

þ w2

�
� n sin

�
gt
sp

þ w2

���
(3:17)

Then, by letting
dyþðtÞ
dt ¼ 0 and

dy�ðtÞ
dt ¼ 0, the time to reach

the peak(s) of y1(t) and y2(t) can be obtained as

tpþ;k ¼
sp
g
ð/� w1 þ kpÞ; k ¼ 0; 1; 2; . . . : (3:18)

tp�;k ¼
sp
g
ð/� w2 þ kpÞ; k ¼ 0; 1; 2; . . . : (3:19)

In fact, if there exist several peaks of y1(t) (or y2(t)) as
shown in Figure 6a, the time to reach the largest peak
denoted as A1 (or A2) from the terminal relay switch point
in the corresponding half period of the relay, t�pþ (or t�p�),
can be easily measured. It follows that

tpþ;k � tp� ;k ¼
sp
g
ðw2 � w1Þ ¼ Pþ � hþ t�pþ � ðP� � hþ t�p�Þ

¼ Pþ � P� þ t�pþ � t�p� ð3:20Þ

It can be seen from (3.20) that tp1,k2tp2,k takes the same
value as long as the corresponding peaks of y1 (t) and y2(t)
are measured for computation.

Substituting (3.14) into (3.20) to eliminate sp yields a tran-
scendental equation with respect to n. We can solve this
equation with the Newton-Raphson method. The initial value
of n for iteration may be roughly estimated from the referen-
tial relay response shapes of Table 1. Note that the physical
constraint, 0 \ n \ 1, can be used to limit the search region
and directly exclude those unsuitable solutions.

Accordingly, the process time constant and time delay can
then be derived from (3.14) and (3.15), respectively. Note
that when 0 < n <

ffiffiffi
2

p
=2, we can exclude the excessive solu-

tion of sp as shown in (3.14) by means of the iterative algo-
rithm for n. To relieve the computation effort, it is suggested
to first use the search step, n 5 0.01, to locate y and sp with
a loose fitting constraint of the relay response, and then
to rectify the search step as n 5 0.001 in conjunction with
a much tighter fitting threshold for better identification
accuracy.

Therefore, the algorithm for identification of an under-
damped SOPDT model from a biased relay test can be sum-
marized in the following algorithm named Algorithm-U-A:

(i) Measure P1, P2, t
�
pþ, and t�p� from the limit cycle;

(ii) Compute G(jxu) using (1.13);
(iii) Compute the process gain, kp, using (1.14);
(iv) Compute the process damping ratio, n, from the equa-

tion resulting from substituting (3.14) into (3.20) by using
the Newton-Raphson iteration method. The initial value of n

for iteration may be estimated from the referential relay
response shapes of Table 1;

(v) Compute the process time constant, sp, from (3.14);
(vi) Compute the process time delay, y, from (3.15);
(vii) End the algorithm if the fitting constraint of relay

response,
PN

k¼1½y_ðkTs þ tosÞ � yðkTs þ tosÞ�2=N < e, is satis-
fied. Otherwise, change the initial estimation of n and go to
step (iv).

It should be noted that though we can obtain from (3.12)
that

n ¼ 1

2spxu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p
A2
u

� ð1� s2px
2
uÞ2

s
(3:21)

and then numerically solve sp from a transcendental equation
resulting from substituting (3.21) into (3.20), the computation
effort may be much larger than that for solving n, because
the initial estimation of sp is more difficult and so is for its
possible range. Hence, it is not recommended unless a rough
value of sp can be known a priori in practice.

In the case that an unbiased relay test is used, it follows
from (3.9) that

yþ

�
Pu

2
� h

�
¼ kpl0 �

2kpl0q
gc

e
�nðPu�2hÞ

2sp sin

�
gðPu � 2hÞ

2sp
þ w

�
¼ eþ ð3:22Þ

yþðtpÞ ¼ kpl0 �
2kpl0q
gc

e
�ntp

sp sin
gtp
sp

þ w

� �
¼ Aþ (3:23)

where tp is the time to reach the largest peak of y1(t) if there
exist several peaks as shown in Figure 6b, which can be
derived from

dyþðtÞ
dt ¼ 0 as

tp ¼ sp
g
ð/� wþ kpÞ (3:24)

where k can be determined by using the physical constraint

tp ¼ Pu

2
� hþ t�p (3:25)

where t�p is the time to reach the largest peak of y1(t) (or
y2(t)) from the terminal relay switch point in the corresponding
half period of the relay; That is, k should be taken to satisfy

t�p \ tp \
Pu

2
þ t�p (3:26)

It follows from dividing (3.22) from (3.23) that

eþ

�
1� 2q

gc
e
�ntp

sp sin
gtp
sp

þ w

� ��

¼ Aþ

�
1� 2q

gc
e
�nðPu�2hÞ

2sp sin

�
gðPu � 2hÞ

2sp
þ w

��
ð3:27Þ

By using the frequency response fitting condition shown in
(3.12) and (3.13), we can obtain

kp ¼ Au

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� s2px

2
uÞ2 þ 4n2s2px

2
u

q
(3:28)

h ¼ � 1

xu

�
uu þ arctan

�
2nspxu

1� s2px
2
u

��
(3:29)
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Substituting (3.24) and (3.29) into (3.25) to eliminate tp
and y yields an implicit equation with respect to sp and n,

H1ðsp; nÞ ¼ 0 (3:30)

Likewise, substituting (3.24) and (3.29) into (3.27) to elim-
inate tp and y yields another implicit equation with respect to
sp and n,

H2ðsp; nÞ ¼ 0 (3:31)

Therefore, we can solve (3.30) and (3.31) together to find
the solution pair of sp and n. This can be performed by using
a nonlinear programming as that for Algorithm-O-B. The ini-
tial values of sp and n for iteration may be estimated from
the referential relay response shapes of Table 1, and the
physical constraint 0\ n\ 1 can be used to limit the search
region and directly exclude those unsuitable solution pairs.

The process gain and time delay can then be derived from
(3.28) and (3.29), respectively.

Hence, the algorithm for identification of an underdamped
SOPDT model from an unbiased relay test can be summar-
ized in the following algorithm named Algorithm-U-B:

(i) Measure A1 (or A2), Pu and t�p from the limit cycle;
(ii) Compute G(jxu) using (1.13);
(iii) Compute the process time constant, sp, and damping

ratio, n, from (3.30) and (3.31) by using a nonlinear pro-
gramming as in Algorithm-O-B. The initial values of sp and
n for iteration may be estimated from the referential relay
response shapes of Table 1;

(iv) Compute the process gain, kp, from (3.28);
(v) Compute the process time delay, y, from (3.29);
(vi) End the algorithm if the fitting constraint of relay

response,
PN

k¼1½y_ðkTs þ tosÞ � yðkTs þ tosÞ�2=N < e, is satis-
fied. Otherwise, change the initial estimation of sp and n and
go to step (iii).

Measurement noise issue

Measurement noise is usually unavoidable in engineering
practice. In the context of process identification, noise-to-sig-
nal ratio (NSR) is generally evaluated as

NSR ¼ meanðabsðnoiseÞÞ
meanðabsðsignalÞÞ (4:1)

To reduce the influence from measurement noises, it is sug-
gested that when a biased relay feedback test is performed, the
measured values of P1, P2, A1, and A2 for 10 � 20 periods
in steady oscillation may be respectively averaged as P1, P2,
A1, and A2 for computation in the proposed identification
algorithms. The oscillation period can thus be obtained as Pu

5 P1 1 P2. Accordingly, the process gain and response at
the oscillation frequency can be computed, respectively, as

kp ¼
R t0þNPu

t0
yðtÞdtR t0þNPu

t0
uðtÞdt

(4:2)

GðjxuÞ ¼
R t0þNPu

t0
yðtÞe�jxutdtR t0þNPu

t0
uðtÞe�jxutdt

¼ Aue
juu (4:3)

where xu 5 2p/Pu, N is the number of oscillation periods for
averaging which may be taken in the range of 10 � 20, and

t0 may be chosen as any relay switch point in steady oscilla-
tion. Note that the relay output, u(t), remains as a constant
for each half period, so it may be used for measurement of
the oscillation period. When an unbiased relay feedback test
is performed, N may be taken in the range of 5 � 10, owing
to that P1 5 P2, jA1j 5 jA2j, and Pu 5 2P1 5 2P2.

Note that the above usage of the measured parameters is
based on the statistical principle for eliminating random mea-
surement errors, and therefore, is capable of identification
robustness in the presence of low NSR (e.g.,\10%).23–26 To
cope with measurement noises causing high NSR, a low-pass
Butterworth filter is suggested to recover the corrupted limit
cycle for measurement. It may be determined by specifying
the filter order, nf, and the cutoff angular frequency, xc, i.e.,

Butterðnf ;xcÞ ¼ b1 þ b2z
�1 þ b3z

�2 þ 	 	 	 þ bnfþ1z
�nf

1þ a2z�1 þ a3z�2 þ 	 	 	 þ anfþ1z�nf
(4:4)

where Butter(nf, xc) denotes the filter function with two
input parameters of nf and xc. In view of that measurement
noises are mainly of high-frequency, the guideline for choos-
ing the cutoff angular frequency is given as

xc � 5xu ¼ 10p=Pu (4:5)

Thereby, only the signal components within the frequency
band around xu can be passed through entirely. Note that the
phase lag caused by the low-pass filter almost does not affect
measurement of the oscillation period and the amplitude of
the limit cycle, because the relay output has the similar phase
lag under the filtered feedback.

Case studies

Here, five examples from the recent literature are used to
illustrate the effectiveness and merits of the proposed identi-
fication algorithms. Examples 1–3 are given to demonstrate
accuracy of the proposed algorithms for identification of the
three types of SOPDT processes, overdamped, critically
damped and underdamped. Measurement noises are also
introduced in the three examples to illustrate robustness of
the proposed identification algorithms. Examples 4 and 5 are
performed to show the fitting effect of the proposed identifi-
cation algorithms for higher order processes where model
order mismatch exists as often encountered in practice. To
assess the fitting error, the widely adopted fitting criterions
of the maximal frequency response error, ERR, and the step
response error, err, are used herein. For low-order controller
design, the maximal frequency response error is usually
defined as19,20

ERR ¼ max
x2½0;xc �

(�����G
_ðjxÞ � GðjxÞ

GðjxÞ

�����3100%

)

where xc is the cutoff angular frequency corresponding to
ffG(jxc) 5 2p. Owing to that xu can be intuitively measured
from a relay test and is slightly smaller than xc, it is hereby
adopted to compute ERR for convenience.

The step response error is generally defined by the stand-
ard deviation for the transient response to a unity step
change,19,20 i.e.,
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err ¼ 1

Ns

XNs

k¼1

½y_ðkTsÞ � yðkTsÞ�2

where y
_ðkTsÞ and y(kTs) denotes respectively the model and

process outputs, and NsTs is the transient response time or
the settling time under a unity step change.

Example 1. Consider the overdamped second-order pro-
cess widely studied in the literature8–11:

G ¼ e�2s

ð10sþ 1Þðsþ 1Þ
The enhanced ATV method8 gave a SOPDT model, Gm 5

0.853e22s /(7.416s 1 1)(1.15s 1 1), by using two different
relay tests with precise measurement of the process time
delay. By using a single biased relay test, Ramakrishnan and
Chidambaram11 derived a SOPDT model, Gm 5 1.05e21.814s/
(9.766s 1 1)(1.271s 1 1). Based on a biased (u1 5 1.3 and
u2 5 20.7) and an unbiased (u1 5 2u2 5 1.0) relay tests
with e1 5 2e2 5 0.2 to avoid incorrect relay switches from
measurement noises, respectively, the proposed Algorithm-O-
A and Algorithm-O-B results in the process models listed in
Table 2, together with the intermediate values for computa-
tion. It can be seen that high accuracy is obtained, corre-
sponding to very small fitting errors.

Note that Ramakrishnan and Chidambaram11 derived a
SOPDT model, Gm 5 1.06e22.04s/(10.73s 1 1)(0.92s 1 1), on
condition that a random measurement noise with zero mean
and the standard deviation of 0.5% is added to the relay feed-
back channel. It can be verified that this measurement noise
causes NSR 5 2%. By using the averaging method for mea-
surement of 10 oscillation periods in the time interval [60,
260](s), the proposed Algorithm-O-A results in the process
model listed in Table 3, indicating good identification robust-
ness. It should be noted that the similar results can also be
obtained by the proposed Algorithm-O-B and thus are omitted.

To further demonstrate identification robustness against mea-
surement noises, a random noise of N(0, r2N 5 0.055%) is sup-
posed to corrupt the process output measurement and relay feed-
back, causing NSR 5 10%. It can be seen from Table 3 that the
averaging method results in notable identification errors for the
model parameters, which, however, is still acceptable for prac-
tice, as can be verified from the fitting errors. To enhance identifi-
cation accuracy, a first-order Butterworth filter with the cutoff
angular frequency xc 5 3.5(rad/s) according to the guideline
given by (4.5) is used for the output measurement and relay feed-
back, leading to apparently improved identification robustness,
as indicated by the resulting model shown in Table 3. Note that
even for the case that a random noise causing NSR 5 30% is
added, using the proposed filter together with the averaging
method for 10 oscillation periods, e.g., in the time interval [100,
320](s), is also capable of good identification robustness, as indi-
cated by the resulting model and fitting errors listed in Table 3.

Example 2. Consider the critically damped second-order
process studied by Thyagarajan and Yu14:

G ¼ e�10s

ðsþ 1Þ2

Thyagarajan and Yu14 presented a rough estimation of the
corresponding SOPDT model from a single unbiased relay

test. Using the proposed Algorithm-C-A and Algorithm-C-B,
the process models obtained from a single biased or unbiased
relay test as in example 1 are respectively listed in Table 2,
indicating that the proposed algorithms yield high accuracy
for critically damped second-order processes. By performing
the measurement noise tests as in example 1, the models
obtained using Algorithm-C-A are listed in Table 3 along
with the measured errors of the intermediate values for com-
putation, demonstrating good identification robustness.

Example 3. Consider the underdamped second-order pro-
cess studied by Panda and Yu6:

G ¼ e�7s

s2 þ 0:4sþ 1Þ
Panda and Yu6 derived a SOPDT model, Gm 5

1.05e26.8902s /(1.03s2 1 0.41s 1 1), from a single unbiased
relay test. By performing a biased (u1 5 0.3 and u2 5
20.2) and an unbiased (u1 5 2u2 5 0.2) relay tests with
e1 5 2e2 5 0.1, respectively, the proposed Algorithm-U-A
and Algorithm-U-B result in the SOPDT models listed in
Table 2, indicating that high identification accuracy can thus
be obtained. To demonstrate identification robustness, mea-
surement noise tests are performed as in example 1, the
resulting models from Algorithm-U-A are listed in Table 3,
also indicating good identification robustness.

Example 4. Consider the high-order process studied in the
literature8,11:

G ¼ e�4s

ð0:5sþ 1Þ3

The enhanced ATV method8 gave a FOPDT model, Gm 5
1.0841e24.04s/(1.6362s 1 1), and Ramakrishnan and Chidam-
baram11 derived an overdamped SOPDT model, Gm 5
1.0046e24.4239s/(0.2286s 1 1)(0.8839s 1 1), from a single
biased relay test. Based on the guidelines given for model
structure selection in terms of the relay response shape, the
proposed Algorithm-C-A is adopted to derive a SOPDT
model from a single biased relay test as in example 1. The
critically damped SOPDT model thus obtained is listed in
Table 2. For comparison, the Nyquist plots of these models
are shown in Figure 7. It can be seen that obviously
improved fitting is captured by the proposed SOPDT model.

Example 5. Consider the high-order process studied in the
literature12,17:

G ¼ e�0:5s

ðsþ 1Þðs2 þ sþ 1Þ
Based on a single biased relay test, Wang et al.17 gave a

FOPDT model, Gm 5 1.00e22.1s/(1.152s 1 1), which had
shown apparently enhanced fitting effect in comparison with the
ATV method,2 and Kaya and Atherton12 derived a critically
damped SOPDT model, Gm 5 1.00e21.633s/(0.785s 11)2.
According to the characteristics of the relay response shape
obtained from a single biased relay test as in example 1, the
proposed Algorithm-U-A is chosen to derive a SOPDT
model, resulting in an underdamped model listed in Table 2.
For comparison, the Nyquist plots of these models are shown
in Figure 8, which indicates again that obviously improved
fitting is captured by the proposed SOPDT model, in particu-
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lar for the referred low frequency range for controller design.
Note that the proposed model response at (20.676, 2j0.18)
corresponding to the oscillation frequency coincides precisely
with that of the real process.

To demonstrate the achievable control performance in
terms of the identified models, the standard internal model

control structure (IMC)27 is herein used. Following the IMC
theory,27 the IMC controller based on a perfect knowledge of
the process should be designed as Qp 5 (s 1 1)(s2 1 s 1 1)/
(kPs 1 1)3, where kP is an adjustable control parameter, the
IMC controller based on the proposed SOPDT model should
be QA 5 (0.9744s2 1 1.4194s 1 1)/(kAs 1 1)2, the IMC

Table 3. Denoising Effects for Identification Against Measurement Noises

NSR Denoising Example

% Error in the Intermediate Values

Identified Model

Fitting Error

A1 A2 Au uu err ERR

2% Averaging 1 1.56 22.07 21.1 0.56
0:9943e�1:9329s

ð9:8346sþ 1Þð1:098sþ 1Þ 1.9 3 1025 0.57%

2 28.9 4.89 20.02 0.29
1:0003e�10:0029s

ð1:0009sþ 1Þ2 1.54 3 1027 0.12%

3 2.65 22.47 0.01 20.04
1:0006e�7:0521s

0:9774s2 þ 0:3595sþ 1
1.53 3 1024 0.22%

10% Averaging 1 25.36 4.4 29.64 25.6
1:0279e�2:5707s

ð10:8686sþ 1Þð0:3197sþ 1Þ 4.42 3 1024 3.27%

2 243.44 24.01 0.75 22.93
1:0025e�10:1809s

ð1:0741sþ 1Þ2 6.9 3 1024 8.29%

3 12.28 214.67 0.24 20.94
1:0025e�6:6759s

1:1618s2 þ 0:6823sþ 1
2.86 3 1023 0.63%

10% Filtering 1 23.56 4.6 3.97 1.7
1:0012e�2:2686s

ð10:0433sþ 1Þð1:0216sþ 1Þ 4.16 3 1025 9.38%

2 23.81 2.14 0.02 0.15
1:001e�10:2691s

ð1:0359sþ 1Þ2 5.08 3 1024 8.47%

3 20.02 20.02 21.54 20.81
1:0011e�7:375s

0:9296s2 þ 0:3659sþ 1
2.48 3 1023 9.46%

30% Filtering 1 23.8 7.96 3.2 22.05
1:0022e�2:2091s

ð9:9832sþ 1Þð1:0878sþ 1Þ 3.44 3 1025 9.27%

2 212.16 7.08 0.06 20.01
1:0041e�10:2287s

ð1:05584sþ 1Þ2 7.68 3 1024 8.4%

3 1.93 21.03 21.47 20.78
1:0023e�7:4661s

0:8943s2 þ 0:2795sþ 1
3.87 3 1023 11.51%

Figure 7. Nyquist fitting effect for example 4.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 8. Nyquist fitting effect for example 5.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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controller based on the SOPDT model of Kaya and Atherton12

should be QK 5 (0.785s 1 1)2/(kKs 1 1)2, and the IMC con-
troller based on the FOPDT model of Wang et al.17 should be
QW 5 (1.152s11)/(kWs 1 1). By adding a unity step change
to the set-point and then a step load disturbance with a magni-
tude of 0.5 to the process, and taking kp 5 2.0, kA 5 kK 5
2.2, and kW 5 3.0 to obtain the same rising speed of the set-
point response for comparison, the corresponding output
responses are shown in Figure 9, respectively. It is seen that
the proposed SOPDT model contributes to good control per-
formance. Then, assume that the real process is perturbed due
to some uncertainties, e.g., in the form of G 5 e22.5s/(0.5s
11)(s2 1 0.5s 1 1), the perturbed output responses shown in
Figure 10 demonstrate that the proposed SOPDT model facili-
tates good control robustness.

Conclusions

A systematic on-line identification method has been pro-
posed for obtaining a SOPDT process model from a single
biased/unbiased relay feedback test. By classifying the relay
response shapes of the three types of SOPDT model, over-
damped, critically damped, and underdamped, guidelines
have been established for model structure selection. For
assessing process response under relay feedback test, exact

relay response expressions of these low-order process models
have been respectively derived based on the corresponding
limit cycle analysis. Then the corresponding identification
algorithms have been transparently developed by using the
measurable parameters of these limit cycles. To ensure iden-
tification robustness in the presence of measurement noises, a
statistical averaging method has been given for low noise
level, e.g., NSR \ 10%, and a low-pass Butterworth filter is
suggested to recover the corrupted limit cycle from measure-
ment noises causing higher NSR. The applications to five
examples studied in the recent literature have effectively
demonstrated that the proposed identification algorithms are
capable of good accuracy and robustness.
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Appendix (I): Proof of Proposition 1

The initial step response of a critically damped SOPDT pro-
cess arising from the relay output, Dl2l0, can be derived as

y0ðtÞ ¼ kpðDl� l0Þ
�
1�

�
1þ t� h

tp

�
e
�t�h

sp

�
(I:1)

When it comes to the first relay switch point denoted by t0
as shown in Figure 4a, the relay output changes to Dl 1 l0,
indicating that a step change of 2l0 is added to the process
input. Using the linear superposition principle, the process
output response can be derived as

y1ðtÞ ¼ y0ðtþ t0Þ þ 2kpl0 � 2kpl0

�
1þ t� h

tp

�
e
�t�h

sp (I:2)

By using a time shift of t0 1 y, (I.2) can be rewritten as

y1
��
shift

ðtÞ ¼ y0ðtþ t0 þ hÞþ 2kpl0 � 2kpl0

�
1þ t

sp

�
e
� t

sp (I:3)

When it comes to the second relay switch point, the relay
output changes to Dl 2 l0, indicating that a step change of
22l0 is added to the process input. Again using the linear
superposition principle, the process output response can be
derived as

y2ðtÞ ¼ y1ðtþPþÞ� 2kpl0 þ 2kpl0

�
1þ t� h

tp

�
e
�t�h

sp (I:4)

Using a time shift of t0 1 y 1 P1, (I.4) can be rewritten as

y2
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþPþÞþ 2kpl0ð1� 1Þ� 2kpl0e
� t

sp	
e
�Pþ

sp � 1þ 1

sp

�
t

�
e
�Pþ

sp � 1

�
þPþe

�Pþ
sp

�

ðI:5Þ

At the third relay switch point, the relay output changes
again to Dl 1 l0, indicating that a step change of 2l0 is once
again added to the process input. The process output response
with a time shift of t0 1 y 1 Pu can be derived accordingly as

y3
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþPuÞþ 2kpl0ð1� 1þ 1Þ

� 2kpl0e
� t

sp

	
e
�Pu

sp � e
�P�

sp þ 1þ 1

sp

�
tðe�Pu

sp � e
�P�

sp þ 1

�

þPue
�Pu

sp �P�e
�P�

sp

�

ðI:6Þ

where Pu 5 P1 1 P2.
The process output response following the fourth relay

switch point is the result of four interlaced step changes

respectively with a magnitude of 2l0. The process output
response with a time shift of t0 1 y 1 Pu 1 P1 can thus be
derived as

y4
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþPu þPþÞþ 2kpl0ð1� 1þ 1� 1Þ

� 2kpl0e
� t

sp

	
e
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sp � e
�Pu

sp þ e
�Pþ
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sp

�
t

�
e
�PuþPþ
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�Pu

sp

þ e
�Pþ

sp � 1

�
þðPu þPþÞe�

PuþPþ
sp �Pue

�Pu
sp þPþe

�Pþ
sp

�

ðI:7Þ

It can be summarized from (I.3–I.7) that

y2nþ1

��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ nPuÞ

þ 2kpl0 � 2kpl0e
� t

sp

�
E1 þðE1tþE2Þ

sp

�
ðI:8Þ

y2nþ2

��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ nPu þ PþÞ

� 2kpl0e
� t

sp

�
F1 þ ðF1tþ F2Þ

sp

�
ðI:9Þ

where n 5 0, 1, 2,. . ., and

E1 ¼ 1þ
Xn
k¼1

�
e
�kPu

sp � e
�ðk�1ÞPuþP�

sp

�
(I:10)

E2 ¼
Xn
k¼1

kPue
�kPu

sp �
Xn
k¼1

½ðk � 1ÞPu þ P��e�
ðk�1ÞPuþP�

sp (I:11)

F1 ¼
Xn
k¼0

�
e
�kPuþPþ

sp � e
�kPu

sp

�
(I:12)

F2 ¼
Xn
k¼0

�
kPu þ Pþ

�
e
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sp � kPue
�kPu

sp

��
(I:13)

In view of that 0\ e
2Pu/sp \ 1, it follows as n ? 1 that

Xn
k¼0

e
�kPu

sp ¼ 1

1� e
�Pu

sp

(I:14)

Note that
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n!1
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Pu

�Xn
k¼1

e
�kPu

sp þ
Xn
k¼2

e
�kPu

sp

þ . . .þ
Xn
k¼n�1

e
�kPu

sp þ e
�nPu

sp

�
¼ lim

n!1
Pu

1� e
�Pu

sp

�
e
�Pu

sp þ e
�2Pu

sp

þ . . .þ e
�ðn�1ÞPu

sp þ e
�nPu

sp

�
¼ Pue

�Pu
sp

ð1� e
�Pu

sp Þ2
ðI:15Þ

By substituting (I.14) and (I.15) into (I.10–I.13), we can
obtain the simplified forms of E1, E2, F1, and F2, as shown
in (1.4–1.7).

Note that y0 (t 1 t0 1 y 1 nPu) 5 y0 (t 1 t0 1 y 1 nPu

1 P1) 5 kp (Dl 2 l0) as n ? 1. Hence, in the limit cycle,
it follows that

yþðtÞ ¼ lim
n!1

y2nþ1

��
shift

ðtÞ ¼ kpðDlþ l0Þ

� 2kpl0e
� t

sp

�
E1 þ ðE1tþ E2Þ

sp

�
; t 2 ½0;Pþ� ðI:16Þ
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y�ðtÞ ¼ lim
n!1 y2nþ2

��
shift

ðtÞ ¼ kpðDl� l0Þ

� 2kpl0e
� t

sp ½F1 þ ðF1tþ F2Þ
sp

�; t 2 ½Pþ;Pu� ðI:17Þ

where y1(t) denotes the ascending process output response in
a half period, P1, due to a positive step change of the relay
output, while y2(t) denotes the descending process output
response in the other half period, P2, due to a negative step
change of the relay output.

It can be seen from the above derivation for (I.16) and
(I.17) that the limit cycle can be definitely formed for a crit-
ically damped second-order process. It should be noted that
before the process output response moves into a limit cycle,
the time intervals between each relay switch points may not
equal the corresponding half periods in the limit cycle.
Nevertheless, we can equalize them as done in (I.4–I.7) to
derive the exact expression of the limit cycle, in view of that
the limit cycle does not include these initial response charac-
teristics. In other words, the process response in steady oscil-
lation has the same limit cycle with that of the corresponding
ideal oscillation which has identical time intervals between
the sequential relay switch points from beginning to end.

Note that E2 shown in (1.5) can be reorganized as

E2 ¼ Pþe
�pu

sp ð1� e
�p�

sp Þ þ p�e
�p�

sp ðe�
pþ
sp � 1Þ

ð1� e
�pu

sp Þ2
(I:18)

Let

gðxÞ ¼ 1� e
� x

sp

x
; x 2 ð0;1Þ (I:19)

It follows that

dgðxÞ
dx

¼
ð xsp þ 1Þe� x

sp � 1

x2
< 0

Thus, it follows that g(P1)[ g(P2) since P1 \ P2 \ Pu.
Accordingly, it can be concluded from (I.18) that E2 \ 0. In
a similar way, we can conclude that F2 [ 0.

Appendix (II): Proof of Proposition 2

The initial step response of an overdamped SOPDT process
arising from the relay output, Dl 2 l0, can be derived as

y0ðtÞ ¼ kpðDl� l0Þ 1� s1
s1 � s2

e
�t�h

s1 þ s2
s1 � s2

e
�t�h

s2

� �
(II:1)

Following a similar analysis as in Appendix (I) from the
initial process response arising from the relay output, Dl 2
l0, to the fourth relay switch point, the time shifted process
output response after each relay switch point can be derived
respectively as

y1
��
shift

ðtÞ ¼ y0ðtþ t0 þ hÞ þ 2kpl0

� 2kpl0

�
s1

s1 � s2
e
� t

s1 � s2
s1 � s2

e
� t

s2

�
ðII:2Þ

y2
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ PþÞ þ 2kpl0ð1� 1Þ � 2kpl0

3

�
s1

s1 � s2
e
� t

s1

�
e
�Pþ

s1 � 1

�
� s2
s1 � s2

e
� t

s2

�
e
�Pþ

s2 � 1

��
ðII:3Þ

y3
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ PuÞ þ 2kpl0ð1� 1þ 1Þ�2kpl0

3

�
s1

s1 � s2
e
� t

s1

�
e
�Pu

s1 � e
�P�

s1 þ 1

�
� s2
s1 � s2

3 e
� t

s2

�
e
�Pu

s2 � e
�P�

s2 þ 1

��
ðII:4Þ

y4
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ Pu þ PþÞ þ 2kpl0ð1� 1þ 1� 1Þ

�2kpl0

�
s1

s1 � s2
e
� t

s1

�
e
�PuþPþ

s1 � e
�Pu

s1 þ e
�Pþ

s1 � 1

�
� s2
s1 � s2

3 e
� t

s2

�
e
�PuþPþ

s2 � e
�Pu

s2 þ e
�Pþ

s2 � 1

��
ðII:5Þ

The general relay response can be therefore summarized as

y2nþ1

��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ nPuÞ þ 2kpl0 � 2kpl0

3
s1E1

s1 � s2
e
� t

s1 � s2E2

s1 � s2
e
� t

s2

� �
ðII:6Þ

y2nþ2

��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ nPu þ PþÞ � 2kpl0

3
s1F1

s1 � s2
e
� t

s1 � s2F2

s1 � s2
e
� t

s2

� �
ðII:7Þ

where n 5 0, 1, 2, . . ., and

E1 ¼ 1þ
Xn
k¼1

ðe�kPu
s1 � e

�ðk�1ÞPuþP�
s1 Þ (II:8)

E2 ¼ 1þ
Xn
k¼1

ðe�kPu
s2 � e

�ðk�1ÞPuþP�
s2 Þ (II:9)

F1 ¼
Xn
k¼0

ðe�
kPuþPþ

s1 � e
�kPu

s1 Þ (II:10)

F2 ¼
Xn
k¼0

ðe�
kPuþPþ

s2 � e
�kPu

s2 Þ (II:11)

By substituting (I.14) into (II.8–II.11), we can obtain the
simplified forms of E1, E2, F1 and F2, as shown in (2.4–2.7).

Note that y0(t 1 t0 1 y 1 nPu) 5 y0(t 1 t0 1 y 1 nPu1
P1) 5 kp (Dl 2 l0) as n ? 1. Hence, in the limit cycle, it
follows that

yþðtÞ ¼ lim
n!1 y2nþ1

��
shift

ðtÞ ¼ kpðDlþ l0Þ � 2kpl0

3

�
s1E1

s1 � s2
e
� t

s1 � s2E2

s1 � s2
e
� t

s2

�
; t 2 ½0;Pþ� ðII:12Þ

y�ðtÞ ¼ lim
n!1 y2nþ2

��
shift

ðtÞ ¼ kpðDl� l0Þ

� 2kpl0ð
s1F1

s1 � s2
e
� t

s1 � s2F2

s1 � s2
e
� t

s2Þ; t 2 ðPþ;Pu�
(II:13)

It can be derived from (II.12) and (II.13) that

dyþðtÞ
dt

¼ 2kpl0
s1 � s2

E1e
� t

s1 � E2e
� t

s2

��
(II:14)

1576 DOI 10.1002/aic Published on behalf of the AIChE June 2008 Vol. 54, No. 6 AIChE Journal



dy�ðtÞ
dt

¼ 2kpl0
s1 � s2

ðF1e
� t

s1 � F2e
� t

s2Þ (II:15)

To see if (II.14) and (II.15) have any positive solution for
the time variable, t, we define z 5 x/P2, a 5 P2/Pu, and

f ðxÞ ¼ 1� e�
P�
x

1� e�
Pu
x

; x 2 ð0;1Þ (II:16)

It follows that

f ðzÞ ¼ 1� e�
1
z

1� e� 1
az

(II:17)

df ðzÞ
dz

¼ e�
aþ1
az ðe1

z � ae�
1
az þ a� 1Þ

az2ð1� e� 1
azÞ2 (II:18)

Let

gðzÞ ¼ e
1
z � ae

1
az þ a� 1 (II:19)

It can be verified that

dgðzÞ
dz

¼ 1

z2
ðe 1

az � e
1
zÞ > 0 (II:20)

lim
z!1 gðzÞ ¼ 0 (II:21)

Thus, it can be concluded that g(z) \ 0 for z [ (0,1) and
correspondingly,

df ðzÞ
dz

\ 0 (II:22)

Hence, f(z) decreases monotonously with respect to z and
so does for f(x) with respect to x. We can then conclude
from f(s1) \ f(s2) that E2 [ E1 [ 0. Following a similar
analysis, it can be concluded that F2 \ F1 \ 0.

Appendix (III): Proof of Proposition 3

The initial step response of an underdamped SOPDT pro-
cess arising from the relay output, Dl 2 l0, can be derived as

y0ðtÞ¼ kpðDl�l0Þ 1�1

g
e
�nðt�hÞ

sp sin
gðt�hÞ

sp
þ/

� �� �
(III:1)

Following a similar analysis as in Appendix (I) from the
initial process response arising from the relay output, Dl 2
l0, to the fourth relay switch point, the time shifted process
output response after each relay switch point can be derived
respectively as

y1
��
shift

ðtÞ¼ y0ðtþ t0þhÞþ2kpl0�
2kpl0
g

e
�nt

sp sin

�
gt
sp
þ/

�
(III:2)

y2
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ PþÞ þ 2kpl0ð1� 1Þ � 2kpl0
g

3 e
�nt

sp

�
e
�Pþn

sp sin

�
gðtþ PþÞ

sp
þ /

�
� sin

�
gt
sp

þ /

��
ðIII:3Þ

y3
��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ PuÞ þ 2kpl0ð1� 1þ 1Þ

� 2kpl0
g

e
�nt

sp

�
e
�Pun

sp sin

�
gðtþ PuÞ

sp
þ /

�
� e

�P�n
sp

3 sin

�
gðtþ P�Þ

sp
þ /

�
þ sin

�
gt
sp

þ /

��
ðIII:4Þ

y4jshiftðtÞ¼y0ðtþ t0þhþPuþPþÞþ2kpl0ð1�1þ1�1Þ

�2kpl0
g

e
�nt
sp

�
e
�ðPuþPþÞn

sp sin

�
gðtþPuþPþÞ

sp
þ/Þ�e

�Pun
sp sin

3

�
gðtþPuÞ

sp
þ/

�
þe

�Pþn
sp sinðgðtþPþÞ

sp
þ/Þ�sin

�
gt
sp
þ/

��
(III:5)

The general relay response can be therefore summarized as

y2nþ1

��
shift

ðtÞ¼y0ðtþ t0þhþnPuÞþ2kpl0�
2kpl0E

g
e
�nt

sp

(III:6)

y2nþ2

��
shift

ðtÞ ¼ y0ðtþ t0 þ hþ nPu þ PþÞ � 2kpl0F
g

e
�nt

sp

(III:7)

where n 5 0, 1, 2,. . ., and

E ¼ sin

�
gt
sp

þ /

�
þ
Xn
k¼1

e
�kPun

sp sin

�
gðtþ kPuÞ

sp
þ /

�

�
Xn
k¼1

e
�½ðk�1ÞPuþP��n

sp sin

�
g½tþ ðk � 1ÞPu þ P��

sp
þ /

�
ðIII:18Þ

F ¼
Xn
k¼0

½e�
ðkPuþPþÞn

sp sin

�
gðtþ kPu þ PþÞ

sp
þ /

�

� e
�kPun

sp sin

�
gðtþ kPuÞ

sp
þ /

��
ðIII:9Þ

Using the Euler formula, it follows thatXn
k¼1

e
�kPun

sp sin

�
gðtþ kPuÞ

sp
þ /

�

¼
Xn
k¼1

e
�kPun

sp 	 e
j½gðtþkPuÞ

sp
þ/� � e

�j½gðtþkPuÞ
sp

þ/�

2j

Then, using the convergent property shown in (I.14), we
can obtain

Xn
k¼1

e
�kPun

sp sin

�
gðtþ kPuÞ

sp
þ /

�

¼ e
jðgtspþ/Þ

2j

Xn
k¼1

e
�kPuðn�jgÞ

sp � e
�jðgtspþ/Þ

2j

Xn
k¼1

e
�kPuðnþjgÞ

sp

¼ e
jðgtspþ/Þ

2j
	 e

�Puðn�jgÞ
sp

1� e
�Puðn�jgÞ

sp

� e
�jðgtspþ/Þ

2j
	 e

�PuðnþjgÞ
sp

1� e
�PuðnþjgÞ

sp

¼ � sin

�
gt
sp

þ /

�
þ
sinðgtsp þ /Þ � e

�Pun
sp sinðgðt�PuÞ

sp
þ /Þ

1� 2e
�Pun

sp cos gPu

sp
þ e

�2Pun
sp

ðIII:10Þ

AIChE Journal June 2008 Vol. 54, No. 6 Published on behalf of the AIChE DOI 10.1002/aic 1577



Similarly, it can be derived that

Xn
k¼0

e
�ðkPuþP�Þn

sp sin

�
gðtþ kPu þ P�Þ

sp
þ /

�

¼
e
�P�n

sp ½sinðgðtþP�Þ
sp

þ /Þ � e
�Pun

sp sinðgðt�PþÞ
sp

þ /Þ�
1� 2e

�Pun
sp cos gPu

sp
þ e

�2Pun
sp

(III:11)

Substituting (III.10) and (III.11) into (III.8) yields

E ¼
sinðgtsp þ /Þ � e

�Pun
sp sinðgðt�PuÞ

sp
þ /Þ

�e�
P�n
sp ½sinðgðtþ P�Þ

sp
þ /Þ � e

�Pun
sp sinðgðt� PþÞ

sp
þ /Þ�

1� 2e
�Pun

sp cos
gPu

sp
þ e

�2Pun
sp

¼
q1 sinðgtsp þ w1Þ

c
ðIII:12Þ

where q1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

1 þ V2
1

p
, w1 5 tan21 (V1/U1), and

c ¼ 1� 2e
�Pun

sp cos
gPu

sp
þ e

�2Pun
sp (III:13)

U1 ¼ cos/� e
�Pun

sp cos

�
/� gPu

sp

�
� e

�P�n
sp

�
cos

�
/þ gP�

sp

�

� e
�Pun

sp cosð/� gPþ
sp

��
ðIII:14Þ

V1 ¼ sin/� e
�Pun

sp sin

�
/� gPu

sp

�
� e

�P�n
sp

�
sin

�
/þ gP�

sp

�

� e
�Pun

sp sinð/� gPþ
sp

Þ� ðIII:15Þ

Following a similar derivation, we can obtain

F ¼ �
q2 sinðgtsp þ w2Þ

c
(III:16)

where q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

2 þ V2
2

p
, w2 5 tan21 (V2/U2), and

U2 ¼ cos/� e
�Pun

sp cos

�
/� gPu

sp

�
� e

�Pþn
sp

�
cos

�
/þ gPþ

sp

�

� e
�Pun

sp cos

�
/� gP�

sp

��
ðIII:17Þ

V2 ¼ sin/� e
�Pun

sp sin

�
/� gPu

sp

�
� e

�Pþn
sp

�
sin

�
/þ gPþ

sp

�

� e
�Pun

sp sin

�
/� gP�

sp

��
ðIII:18Þ

Note that y0 (t 1 t0 1 y 1 nPu) 5 y0 (t 1 t0 1 y 1 nPu

1 P1) 5 kp (Dl 2 l0) as n ? 1. Hence, in the limit cycle,
it follows that

yþðtÞ ¼ lim
n!1 y2nþ1

��
shift

ðtÞ ¼ kpðDlþ l0Þ

� 2kpl0E
g

e
�nt

sp ; t 2 ½0;Pþ� ðIII:19Þ

y�ðtÞ ¼ y2nþ2

��
shift

ðtÞ ¼ kpðDl� l0Þ �
2kpl0F

g
e
�nt

sp ;

t 2 ðPþ;Pu� ðIII:20Þ
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